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Overview
• Lighthills acoustic analogy with surface sources
– Physical interpretation of source terms
• Integration in a moving reference frame



































vi: Velocity of the medium
ui: Velocity of the surface f = 0
Pij = (p− p0)δij − τij
H: Heaviside function
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The auxiliary function f(~x, t)
S: Surface f = 0




= ni |gradf |
f(~x, t) is not uniquely defined!
S
~n
f(~x, t) < 0




δ(f) = ni |gradf | δ(f)












No parametric description of the surface S!
Example: Sphere moving at constant speed
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Impermeable surface












{ρ0un |grad f | δ(f)}
− ∂
∂xi
{li |grad f | δ(f)}
un = uini
li = Pijnj = (p− p0)ni − τijnj
ρ0un: Rate at which mass is displaced by the body
−li : Force per area exerted from the medium on the body
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ρ0 β˙(t) δ(~x− ~xs(t))
}
~xs: Position of the source
β: Volume displaced by the source








p′ = − ∂
∂xi
{fi(t) δ(~x− ~xs(t))}
fi: Force acting on the medium
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Virtual and real physical sources
• Real physical source: Energy is transferred from the flow into acoustic
perturbations
• Source terms in acoustic analogy can be considered as virtual sources
• Surface sources replace boundary conditions












































Solution of acoustic analogy with surface sources
Ffowcs Williams and Hawkings, 1969

































~η: Coordinate in moving reference frame




Example: Single rotor blade






Surface S stationary in ~η-system: f = f(~η)
~xs(~η∗, τ1): Position of point with coordinate ~η∗ in ~y-space at time τ1
Approach does not work for flexible bodies!
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Source velocity

























r(~x, ~η, τ∗n) |1−Mr(~x, ~η, τ∗n)|
τ∗n = τ
∗
n(~x, ~η, t) solution of
c · (t− τ∗) = |~x− ~xs (~η, τ∗) |
N = N(~x, ~η, t): Number of solutions τ∗n
If |~vs(~η, τ)| < c for all τ , then N = 1
r(~x, ~η, τ) = |~x− ~xs (~η, τ) |
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Super-sonic source motion










Unaccelerated movement of source point ~xs(~η, τ)
|~vs| > c






















Consider all sources on the surface of a rigid body which are received
simultaneously:
Observed geometry is a set of points in ~y-space:
Σ(~x, t) = {~y | ~y = ~xs(~η, τ∗n) for all ~η ∈ S and valid τ∗n = τ∗n(~x, ~η, t)}
~η ∈ S if and only if f(~η) = 0
Σ coincides with S only if the body is at rest
Σ may have a strange geometry!
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Collapsing sphere
g(~y, τ) = 0
f(~y, τ) = 0
Intersection Γ(τ)
Observer
Surface Σ is set union of all lines Γ(τ) for all τ < t
g(~x, t, ~y, τ) = t− |~x− ~y |
c
− τ
Radius of sphere: c (t− τ)
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Solution of acoustic analogy with surface sources
Ffowcs Williams and Hawkings, 1969

































ρ0un: Rate at which mass is displaced by the body
−li : Force per area exerted from the medium on the body
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p′ = − ∂
∂xi
{fi(t) δ(~x− ~xs(t))}











































ρ0un dS(~η) = 0
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Thin body
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Opposite points: ~η1 and ~η2
If ~η1 and ~η2 are close to each other
τ∗(~x, ~η1, t) ≈ τ∗(~x, ~η2, t)
un(~η1, τ∗(~η1)) ≈ −un(~η2, τ∗(~η2))
Mr(~η1, τ∗(~η1)) ≈ Mr(~η2, τ∗(~η2))
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Infinite thin body
It the body becomes thinner:













The integral vanishes for infinite thin bodies!
A body without volume generates no thickness noise: p′T = 0
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Loading noise










{li |gradf | δ(f)}
Solution:



























































lr: Component of the force li in the direction from the source position
at ~xs(~η, τ) towards the observer at ~x
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Spanwise lift distribution






































































relative to rotor plane:
Ms = |~vs|/c · cosβ
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Loading-noise signal
Hover flight with simplified rotor
Point source in circular motion
0
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→ same lift at less angular velocity reduces noise
→ higher harmonics in the signal
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Concluding remarks
• A moving point source can be used as simple model for a rotor blade
• Propeller blade is analog to rotor blade
• A perfectly silent helicopter is theoretically not possible
• Lower rotor frequency → less noise
• Real helicopter in forward flight is much more complicated
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